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Abstract. By performing a Taylor expansion along the extra dimension of a metric describing a black hole 
on a brane, we explore the influence of the embedding space on the black hole horizon. In particular, it 
is shown that the existence of a Kottler correction of the black hole on the brane, in a viable braneworld 
scenario, might represent the radius of the black string collapsing to zero, for some point(s) on the black 
string axis of symmetry along the extra dimension. Further scrutiny on such black hole corrections by 
braneworld effects is elicited, the well-known results in the literature are recovered as limiting cases, and 
we assert and show that when the radius of the black string transversal section is zero, as one moves away 
from the brane into the bulk, is indeed a singularity. 
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1 Introduction 

The intricacy regarding the study of the gravitational col- 
lapse on the brane is consensual. Nonlocal gravitational 
interaction (between the bulk and the brane) and high- 
energy corrections as well are just some examples of prob- 
lems to be dealt with, in the search for analytical solutions 
[IJ[2] ■ A particular exact analysis on the gravitational col- 
lapse on the brane in [3] can be extended to a general col- 
lapse, based on the AdS/CFT correspondence [HE]. The 
numerical approach in the bulk [6] - rather difficult to 
implement - as well as perturbations in the background 
[7] set by the Randall-Sundrum model [5] are among the 
attempts to study the problem. Nevertheless, there is no 
solution representing a realistic black hole on the brane, 
which is stable and devoid of a singularity. 

An interesting method, based upon a multipole expan- 
sion, was developed in [5] to probe the shape of a static 
spherically symmetric braneworld metric along the extra 
dimension. By the same token, it is possible to use the co- 
variant approach to the braneworld geometry |10U12j . ex- 
ploring the variation of the black hole area horizon along 
the transverse dimension. More specifically, the covariant 
formalism allows a well behaved Taylor expansion of the 
metric about the brane |13) . It brings prominent informa- 
tion on the relationship between the static gravitational 
field in the bulk and on the brane as well. 

In this paper we investigate the Taylor expansion of the 
brane metric along the extra dimension, based upon the 
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covariant formalism. Furthermore, it leads to the possible 
configurations of a (generalized) Schwarzschild black hole 
area on the brane. We are not devoted, at least in prin- 
ciple, to the particularization to some specific braneworld 
model. Instead, the approach aforementioned is imple- 
mented without referring to any model a priori. Clearly, it 
is one of the main goals in the covariant approach. Hence, 
after a general discussion, physical constraints are carried 
out on the parameters, in order to investigate a more fa- 
miliar case. 

Within a viable range of parameters, a Kottler-like 
correction to the brane black hole is obtained. It might 
lead to a singularity along the extra dimension: a point 
in the bulk, representing the black string radius, whose 
gee component equals zero. We prove here that there is 
a point where the black string radius goes to zero, which 
is indeed a singularity: the Kretschmann scalar diverges 
in such point. This paper is organized as follows: after 
briefly reviewing the brane field equations in the next 
Section, in Section 3 the Taylor expansion regarding the 
brane metric along the extra transverse dimension is intro- 
duced. The generalized Schwarzschild black hole horizon 
is whereafter investigated along the extra dimension. In 
Section 4 we analyze the possibility of obtaining a region 
in the bulk, in a direction orthogonal to the brane, wherein 
the black string presents a radius equal to zero. It is ex- 
ecuted by investigating the black string associated to the 
mass shifted Schwarzschild brane black hole. Two distinct 
cases, where the bulk is considered as being dSs or AdSs, 
are scrutinized. Section 5 is devoted to show the existence 
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of a braneworld model providing a Kottler-like spherically 
symmetric brane metric. Furthermore, we show that the 
possibility of the black string to present a radius equal 
to zero, at some point(s) along the extra dimension, may 
not be excluded, at least in principle. At such points, the 
black string radius equal to zero is shown to be in addition 
a singularity. In Section VI we conclude. 



2 A short review of the basic formalism 

The fundamental equations concerning the covariant for- 
malism of the gravitational field on the brane are quite 
well established. Therefore, solely a brief account on it 
is going to be provided. The expansion procedure, how- 
ever, is still source of some misunderstanding in the lit- 
erature. Hence, to work out the expressions carefully has 
paramount importance. 

By taking the sources of the gravitational field to be 
the brane and an unspecified cosmological constant term, 
the bulk is assumed to satisfy the Einstein field equations 

{5) G^ = -A 5 ^ gfW + 4T^, (1) 

where ^G M „ denotes the Einstein tensor, is the bulk 
stress tensor and A$ is the bulk cosmological constant. 
Moreover, k 2 represents the gravitational coupling in five 
dimensions and ^'g^u is the bulk metric. It is related to 
the brane metric, g^, by ^g^ v = g^ + n^n^, where n M 
is an unitary vector normal to the brane. The brane is 
placed at a fixed point y — 0, where y hereon denotes the 
extra dimension. The line element reads 

^ds 2 ^g^,y)dx f "dy' J + dy 2 . (2) 

The brane and its matter content are present in the defi- 
nition of T^ v bjQ 

T^v = Sfj, u S(y), (3) 

where = —Xg^ + r M „. Here A denotes the brane ten- 
sion while t^ v stands for any additional matter on the 
brane. A prominent quantity that appears in the descrip- 
tion of the embedding of manifolds — the extrinsic cur- 
vature — is given by 

K» v = g^gfranp, (4) 

where V denotes the covariant derivative compatible to 
^g^iv- The extrinsic curvature "measures" how the brane 
is embedded into the bulk. Its jump across the brane is 
provided by the brane stress tensor by the Israel's junction 
condition [T4] 

[K^y] — ^^{s^y — —g^uS^j, (5) 

1 Note that the delta appearing in the definition of T M „ is 
already conveniently defined in the curved space, since the line 
element Q has g yy — 1. 



where [x] = lim a ^( +) x ~~ nm t,^(o-) X: lor an y tensorial 
quantity x- 

Following the standard projection procedure [TU] and 
the Z2 symmetry on the left hand side of Eq. ([5]) as well, 
it is possible to arrive at the induced field equations on 
the brane 

I 6kI 
R^v - -j9nvR = -Ag^ u + kIt^v + —r-iTtMv - E^, (6) 

where k\ = and 

A=±(A 5 + kI\), (7) 

and E^ v is a specific contraction of the bulk Weyl tensor 

( (5) c,V) 

= ^C^n a n"g^gl. (9) 
3 The Taylor expansion 

After having condensed just some results about the projec- 
tion scheme, we delve hereon into the main tools necessary 
to provide the expansion along the extra dimension. The 
set of Eqs.© are well known not to perform a closed sys- 
tem, being necessary to study the behavior of E^. From 
the geometric point of view the equations ruling the Weyl 
tensor term may be obtained from Eq.|T]) and the five- 
dimensional Bianchi identities Vl ^'R va ]pa = 0. These 
equations are used to the Taylor expansion around the 
brane. By denoting the Lie derivative along the extra di- 
mension afl £ we have 

g^{x,y) = g^(x,0) + [Cg^(x,y)}\ {y=0 )\y\ 
+ [C[C(x, y)g^ u {x 1 j/)]] (j(=0) J|L 

+ ... + [£ k g^( x ,y)] {y=Q) \y j t + .... (10) 

Since in our context the brane is indeed described by a 
manifold, it is quite convenient to emphasize the use of 
synchronous coordinates — see Eq. (0) — which makes 
it possible that the Lie derivative along the transverse di- 
mension may be understood as the usual derivative d/dy. 
Now it is possible to look at each term of Eq. (Tl0| . The 
first term after the metric on the brane g fJ-u (x,0) leads to 
the definition of the extrinsic curvature 

K MV = -C-g^y (11) 

Together with the junction condition ([SJ with Zi symme- 
try, it completely determines this part of the expansion. 

2 One could denote more precisely the Lie derivative as £ n , 
where n is a vector normal to the brane. Nevertheless we opt 
to a simpler notation £,. 
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The second term is naturally proportional to CK^ U , which 
is related to the five-dimensional Riemann tensor by [TOl 

US] 

CK^ = K m K a v R^ av pn a nP , (12) 

where the term ^R^ai/p is expressed in terms of the Weyl 
tensor by 

(5) i? R - 



(5), 



■P]c 



(5), 



9a\u 



^R 



0]» 



-l i %[» ( %]* i5) R+ {5) c^- (13) 

With the aid of Eq. ([T]), where the bulk part does not 
involve T^ u , it is possible to express Eq. ([T31) as 



(5) R r - (5) C R-— (5) r (5) 0«i 



4A 5 



5a [i/ 5/3] ft- 

(14) 

Therefore, substituting Eq. ([14")) in the last term of Eq. 
(P| it readfS 



£>K p,v — ^"fia^ ~^9y.u E^jj. 



Eqs. (jlip and (IT51) . together with the junction condition 
supplemented by the Z2 symmetry, completely determines 
the first two y-dependent terms of the expansion (fTT 



9^u{x,y) = 9^(x,0) - re 2 , 



Efjiv H ~ [ S^ a S" + — (A — S^S^u 



U^X^sf-AAg^O) 



\y\ 



(16) 



Particularizing to the brane vacuum case, Eq. (J5J) implies 
that 

E„ v = -R„ v + Ag^. (17) 

In order to complete the necessary set up, one notices 
that the static spherical metric on the brane is 

dr 2 

g^(x, Q)dx^dx v = ~F(r)dt 2 + j^r + r 2 df2 2 . (18) 

The Schwarzschild black hole is well known to be imple- 
mented when F(r) = H(r) = 1 - 2M/r in Eq. ([12]). Now, 
its generalization is accomplished by defining the devia- 
tion from the pure Schwarzschild metric as ip(r), we have 
H(r) = 1 — — -)- tp(r). Hence, from the study of the 
9ni/{x,y) component in Eq. (|16p it is possible to use 

/ 2M ,, A" 1 fib"(r) ib'tr) Y . 
E tt = - ll - — + i>{r)\ i^l + ^jJ-- Aj(20) 



En 



d(rip) 
dr 



Ar 2 



r 2 sin 9 Eh 



(21) 



Note that {5) C^Rn a n p = ^C% ptT n a n p gfaZ . 



Consequently, Eq. (TTTJ]) has the following non trivial pos- 
sibilities: 



9tt(x,y) = - ( 1 h V' 



g rr (x,y) = 






2M 


r 




+ — + 


"2" 


r 

2M 



2^6(2/1-/15) 
3 



(22) 



1 + V 

r 

/." „/.' 



2^6(2yl-yl5) 

3 1 



(23) 



9ee(x,y) = r 2 



3 1 

2vl-5yl 5 1 d(rV») \ 2 
6 r 2 dr 



( 15 ) 500(^1 5) = ( r2 sin 2 0) ffflflfo y). 



(24) 
(25) 



One can realize forthwith that when y — — namely, on 
the brane — all the components above are led to their 
respective values g )JlV (x,0) on the brane. Eqs. (|2"2l |2"31 and 
([Ml) are very illustrative, since they explicitly evince: a) 
the respective departure from the metric coefficients on 
the brane, which are recovered when y = 0; b) the re- 
spective metric corrections, as one move onwards the ex- 
tra dimension. Such corrections depend merely upon the 
function tp(r) (indeed its first and second order deriva- 
tives) and the brane and the bulk cosmological constants. 

In the rest of the paper, the generalized Schwarzschild 
black hole horizon is investigated along the extra trans- 
verse dimension, exploring the gee{x, y) component in the 
vacuum brane case. Indeed, the Schwarzschild black hole 
solution (namely, the black string solution on the brane) 
has the horizon given by y gee(x, 0) = r. Therefore, in 
the analysis regarding the black string behavior along the 
extra dimension, we are concerned merely about the hori- 
zon behavior, which is provided uniquely by the value for 
the metric on the brane g9o(x, 0) = r 2 , defining the radial 
coordinate. More specifically, the black string horizon — 
or warped horizon |11) — is defined for r = 2M, which 
corresponds to the black hole horizon on the brane. 

It is important to emphasize that, as we shall see, 
it is possible to find out points along the extra dimen- 
sion for which ggg — and show that in such points the 
Krctschmann scalar K — ^ R^uptr^ 5 ' i? A " ypcr diverges, i. e., 
they are indeed singularities. Let us remark two points 
about Eq. ([M]) above. First, we decide to exhibit it in 
terms of the bulk and the brane cosmological constants. 
It is convenient in what follows in the next Section. Sec- 
ond and most important, by keeping the sign of the second 
term as in Eq. (|16p we are solely considering the case re- 
garding a positive brane tension. 
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4 General cases for the pure black string 

This Section is a prelude to the most interesting analy- 
sis of the next Section. As mentioned previously, in this 
Section we shall consider a Taylor expansion up to the sec- 
ond order in the extra dimension, without assuming any 
specific model a priori. Since the model is not completely 
specified, it is difficult to pinpoint every physical parame- 
ter entering the covariant formalism. This apparent com- 
plication, however, is important to study some interesting 
variations of the current five-dimensional models. In order 
to assure a physically viable analysis, it is implicitly as- 
sumed (somewhat tautologically) that the expansion takes 
place in an infinitesimal region around the brane, such 
that including the terms up to y 2 in Ea. flTO]) suffices. In 
the next Section, our study is particularized to some fa- 
miliar arrange of parameters. Therefore, this question can 
be further developed. 

The point to be addressed hereon is whether there are 
points along the extra dimension leading to gee{x, y) = 0. 
In other words, we aim to investigate whether it is possi- 
ble to combine the model parameters, as well as the brane 
black hole correction, in a way that under such assump- 
tion, there is a specific point, let us say y = yo in the 
bulk, along the axis of symmetry of a cylindrical coordi- 
nate system, such that the black string transversal section 
has radius equal to zero. Therefore, by Eq.(f2~4"f it follows 
that the black string squared radius gee{x,y) equals zero 
when 



r i(2A-5A 5 ) 



d(rip) 
dr 



± 



dr 



As 
6 



+ -y/6(2A-A 5 ) 



A 



(26) 



for a real \y\ it is necessary A$ > — A/6, which always 
holds, since and 2A > A& must also hold. Furthermore, 
such conditions are compatible to ([7]). 

In the case of a black string in an arbitrary AdS five- 
dimensional bulk, Eq. (1261) reads simply 



f 



2yl + 5|^ 5 | 



± V-IAsl/6 + A+ -^6(2A + \A 5 \) 



(28) 

The square roots above are both real, provided that \ A 5 1/3 < 
2\A\ < |yl 5 |, which is also appealing from Eq.©. Note that 
for the positive root, for example, we have a positive \y\ if 

|A|<5|4s|/2. 

Although a possible combination of the cosmological 
constants leading to black string with radius zero has been 
found, as mentioned, this is not the most interesting case. 
Therefore, let us study a black hole on the brane in the 
case where the function ip(r) does not vanish. 



5 The Kottler-like horizon example 

It is useful to investigate the more restrictive case where 
the effective cosmological constant vanishes [13.. This is 
the most appealing case, since it reproduces at first the 
general assumption A ~ 0. Let us then suppose that the 
derivative of the correction function ip{ r ) does not vanish. 
In fact, as generalizations of the Schwarzschild solution on 
the brane with a non-vanishing (bulk) cosmological con- 
stant are investigated, we shall look for a Kottler-like line 
element [15] , 

Eq.© forthwith evinces that the brane cosmological 
constant vanishes when A$ = —\A$\, with \A&\ = k|A 2 /6. 
Now solely the two cases at Eq. (|2"6"|) are possible. Taking 
into account the positive root it reads 



The simplest case is the pure black string: the pure 
Schwarzschild brane black hole (ip = 0) or the mass shifted 
Schwarzschild (ip ~ 1/r). It is well known [T|j] that in this 
case some of its Kretschmann scalar K = ^ R^vpe^ 'R^ upa 
diverges. Indeed, it is often used to identify singularities, 
and for a Schwarzschild black hole, K oc 1/r 6 , so there 
is a singularity at r = 0, but not at the Schwarzschild 
horizon r = 2M [13]. Besides, the pure black string con- 
figuration is unstable [17] . Hence, this structure is non- 
physical ab initio. Certainly, for y = we reproduce the 
Kretschmann scalars behavior. We shall delve into the 
pure Schwzraschild black string case, in order to fix our 
procedure. For this particularization, two distinct cases 
hold, namely: an arbitrary dS$ bulk and an arbitrary AdS$ 
bulk. Let us briefly examine these two cases separately. 

For the black string in an arbitrary dS§ case, the situ- 
ation is quite simple. Eq. (l26l) gives 



6 



\y\ = 



2A - 5A 5 



1 



± y/A 5 /6 + A+-y/6(2A-A 5 ) 



(27) 



Thus, the cases A = and A < are immediately ruled 
out. In addition, the case A > is taken into account, since 



dirip) 
dr 



5r 2 |A 5 
6 



d(rip) r 2 \A$\ r 



By defining 



d(r?/>) 
dr 



dr 



6 



\/6\A 5 



l \A 5 



6 



(29) 



(30) 



where 1 < (3 < 2, it corresponds to a positive and real \y\. 
It might lead in principle to a collapse of the black string 
along the extra dimension. However, by substituting the 
definition (TSUI) into Eq. ((29j) it follows that 



1 



(5 



(v^T + 2). 



(31) 



At this point it is interesting to conceive an order 
of magnitude. Since n\ ~ 1/M|, where M5 is the five- 
dimensional Planck mass, we have n\X ~ k|M|. Just as 
an example, the one brane Randall-Sundrum model [S] is 
analyzed, where table-top experiments 19 probe subm.il- 
limetric scales of deviations in Newton's law in four dimen- 
sions. It provides a lower bound on the five-dimensional 
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Planck mass as M5 > 10 5 TeV. Therefore k 2 X is expected 
to have a small value. In this vein, in order to have an 
infinitesimal \y\ — where a second order Taylor expansion 
is justified — it would be necessary f3 much greater than 
1, which is prevented by the constraint 1 < j3 < 2. It 
is important to remark on the utilization of such limits. 
As mentioned, it was obtained by the study of deviations 
from the Newton's law. Therefore, it concerns weak field 
experiments which does not does invalidate anything for 
the case considered. These experiments may be used, in- 
deed, in order to refine the parameters in the model. One 
shall, however, be aware and not confuse the possible cor- 
rection provided by i\) with the weak field correction. In 
fact, keeping in mind the own nature of the problem — i. 
e., the black hole horizon along the extra dimension — ip 
is not expected to coincide to any weak field correction. 

The another possibility is given by the negative root 
in Eq. (p?5|) . In this case 



1/71 



d(rip) 
dr 



5r 2 \A 5 \ 
6 



d(rtp) r* 2 |yl5 1 r 



dr 



(i 



3VP5I 



and using (|30[) . and requiring that 
together with — 



d(rtP) 5r 2 |yl 5 | 



(32) 
> 



d(rip) 
dr 



1^5 



, ; 3 -\/6|yl5| > in order 
to get a positive (and real) |y|, we obtain a case similar to 
the one in the previous paragraph. In this case, however, 
the last possibility given by 



djrjj) | 5r 2 \A 5 \ 
dr 6 



< 



and 



is satisfied by 



d(r^) r- 2 |yl 5 1 r 



dr 6 

d(rip) 



<o, 



r 2 \A 5 \ 



(33) 



(34) 



(35) 



dr 6 

provided that a > 1. Note that substituting Eq. (j35|) in 
(|3"2"|) . and requiring |y| < 1 we have 



6(V3a - 1 - 2) 
(3a — 5)k 2 X 



< 1. 



Hence, for this case the problem related to the range 
of the parameter a does not manifest. In fact, for an ac- 
ceptable result it is necessary that 



6(V3a- 1 - 2) < (3a - 5)k|A, 



(37) 



which is satisfied for a huge a, of about a > -4fr- These 

considerations are going to be more precise in the near fu- 
ture. Before, one observes that Eq. (|55|) provides a Kottler- 
like correction as 



tp(r) = 



a\A 5 \r 2 
6 



(38) 



The reason for the definition (|30|) and (I35|) is obvious, 
since both lead to a Kottler correction. It is indeed ex- 
pected, since although the effective cosmological constant 



vanishes, the bulk cosmological constant acts gravitation- 
ally on the brane. Moreover, the opposite sign according 
to the standard Kottler problem is due to the AdS bulk 
character. 

Eq. (f3"B"|) is shown to supply a type of correction to the 
Schwarschild brane black hole, which leads (via Eq. (|3"2l0 
to the black string radius to be zero, at some point yo along 
the extra dimension. It is conceivable to ask about the pos- 
sibility of such a correction occur. In other words, is there 
a braneworld model leading to a Kottler-like spherically 
symmetric brane line element? The answer is positive, and 
that is another reason of Eq. ([3"5"j) . This type of configu- 
ration may be achieved in any dimension |20j . It is also 
possible to construct a Kottler-like spherically symmetric 
brane line element, by allowing the existence of different 
bulk cosmological constants in different sides of the brane 

At this point it is necessary to analyze the typical con- 
straints on the parameters, checking once again their com- 
patibility to the Taylor expansion. Note first that k 2 X 



f^K4 M 5 and K 



10- 16 {TeV)- 1 . Recall that M 5 is 
constrained by table-top experiments in such way that 
we may introduce a dimensionless parameter b > 1 such 
that M5 = b 10 5 TeV. In terms of b, it is immediate to 
see that k?A = -r-6 3 10~ 17 TeV. Moreover, from the con- 
straint imposed on a (see below Eq. (J3TJ) ) it follows that 

a > . Inserting a new scale, say a — > 1, we 

have simply a = a 10 34 (TeV)~~ 2 , where a has dimension 
of (TeV) 2 . 

Likewise, it is also important to discuss a little further 
about the viability of the correction obtained in the light 
of the constraints above. From Eq. (j3"8"T> it is straightfor- 
ward to see that the general requirement that the first 
term must be bigger than the second one implies 



K 2 5 Xr 2 \y\ > 



4\ 



4\r 2 \y\- 



In the context of a huge a it reads 
anl\\y\ < 8. 



(39) 



(40) 



(36) Expressing a as before, the constraint ([4"U| means that 
|y| < — TeV. Hence, the plausible imposition l p < 



\y\, where l p ~ 10 16 (TeV) 1 is the Planck length, gives 
the following upper bound on the parameter a: 



a < 8 x 10~ 2 (TeV) 2 



(41) 



It is clearly suitable, since all the constraints may be sat- 
isfied by an appropriate value for the parameter b. To 
finalize, the ranges of parameters in the expansion shall 
not be fixed in principle, and the final word concerning 
the physical viability of the correction (|3"51) shall be estab- 
lished by (table-top) experiments, since one ends with a 
dependence on the b scale. 

For the sake of completeness, it is necessary to point 
out that in spite of the pragmatic aspect of an expansion 
up to the second order in y, the coefficient of the third term 
brings additional contribution. It should be investigated 
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in order to assure that the expansion performed is not 
in jeopardy. In fact, the next term in the expansion is 
proportional to 



(42) 



The first term may be easily obtained using the Leibniz 
rule together with the junction condition and the last term 
was already mentioned pip . The term in the middle is a 
little bit more subtle. Defining the 'magnetic' part of the 
Weyl tensor by Bp Ua = g?g° ^'C paa \n x , it is possible to 
show that [TU] 



C{E„ V ) = D X B X( ^ } 



KE^ + (K^K vX 



K^K aX )K 



where Dp stands for the metric compatible covariant deriva- 
tive. Now, taking every contribution into account, the 
third term of the expansion (in the brane vacuum) is writ- 
ten as 

1 



81 



\v\ 



(43) 



which may be discarded when compared to the second 
term of the expansion. 

As we have shown, the existence of a point yo i n the 
extra dimension, in which the black string radius equals 
zero, may not be excluded in principle. For the cases here 
pointed — the pure black string (ifj(r) = 0), the shifted 
mass black string (tp(r) ~ l/r), and the Kottler case — we 
calculate the Kretschmann scalar K = ^ Rp Vp<J ^ W" 9 ' 7 
taking into account the metric coefficients in Eas. ([2"2l |2"51 
EH [^5]) . For such cases the Kretschmann scalar K diverges 
at r — >• 0, and also K diverges at y = yo, irrespective 
of the value for r, characterizing indeed a singularity. To 
summarize, the point yo along the extra dimension which 
corresponds to the radius of the black string equal to zero 
is indeed a singularity. Furthermore, for the case where 
the cosmological constant A = 0, our results are in full 
compliance with [B]. In fact, in such particular case we 

have K = ^R^p^R^P" cx 48C f 6 M2 e 4 l y l/ £ , which tends 
to infinity as r — > 0. As usual, the parameter £ is asso- 
ciated with the bulk curvature radius and corresponds to 
the effective size of the extra dimension probed by a five- 
dimensional graviton |13| . Our results are more general, 
as we take into account Eas. lfT^l [2111 |2"T1) . 



6 Final remarks and outlook 

In this paper we investigated which type of correction in 
the horizon of a Schwarzschild black hole in the brane 
would lead to the collapse of the black string, namely, 
the existence of a coordinate yo at the extra dimension 
wherein the black string radius is exactly zero, at such 
point. It was accomplished with the aid of a second or- 
der Taylor expansion, endowed with the equations com- 
ing from the (covariant) projection scheme. It was shown 



that in the most viable case, namely, the positive tension 
3-brane with vanishing effective cosmological constant em- 
bedded into a AdSs bulk, it is possible, in principle, to find 
out a correction leading to a vanishing black string radius 
along the extra dimension. This correction is nothing but 
the Kottler one, and it is known that some approaches may 
lead to such a solution on the brane, making important the 
study of this particular correction. Hence, at least classi- 
cally, this problem persists. For all the cases investigated 
heretofore - the pure black string, the shifted mass black 
string, and the Kottler one as well - the Kretschmann 
scalar diverges both at r — > 0, and, further, at y = yo 
(corresponding to the point along the extra dimension 
wherein the radius of the black string equal to zero) is 
indeed a singularity. We shall finalize, however, stressing 
that the Kottler correction seems not to be feasible. The 
reason rests upon the reported quantum instability of the 
quantum vacuum state with non divergent stress energy 
:22j . We are currently investigating this possibility and be- 
lieve that the analysis performed in ref. |22j can be mutatis 
mutandis applied to the present case. 
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